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SOLUTION OF ELECTRICAL NETWORKS BY 
SUCCESSIVE APPROXIMATIONS 


I. IntRopuctTION 


1. Introductory——The calculation of voltage and current condi- 
tions in electrical networks becomes increasingly important as central 
station systems grow and their proper operation becomes more im- 
portant to insure continuity of service to each load carried. Voltage 
regulation, current division between paths, transmission efficiencies, 
and selective operation of relays must be known for the present sys- 
tem or for the system resulting after proposed additions to the present 
system, either under normal operation or under short circuit condi- 
tions. Unfortunately, as the importance of calculating such con- 
ditions increases, so also does the difficulty of making such calculations 
increase. 7 

It is the purpose of this bulletin to present an additional method 
of solving these networks. Other methods are available, but it is felt 
that this method has considerable merit, particularly when applied to 
the solution of a-c. secondary networks or the usual transmission line 
systems. Although the method, as presented in this paper, is applied 
to a-c. and d-c. power networks, it should be borne in mind that the 
method is applicable to any network composed of invariable pa- 
rameters which are constant with respect to time. The discussion of 
the advantages and limitations of this method will be confined to a 
comparison with other existing methods used in d-c. or a-c. power 
network problems. 


2. Acknowledgments.—The writer wishes to express his apprecia- 
tion for the assistance and suggestions given by Pror. Harpy Cross 
and Mr. L. B. Arcuer in the preparation of this manuscript. 


II. Discussion oF Meruors OF SOLUTION 
3. Methods Available—Various methods of attack in obtaining 
the solution of electrical networks have been devised and are in use. 
These methods may be grouped into five general classifications: 


(a) Solution by calculating tables 

(b) Solution by simultaneous equations 

(c) Solution by trial and error 

(d) Solution by simplification of the network 

(e) Solution by method of successive approximations 
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4. Solution by Calculating Tables.—Calculating tables* were orig- 
inally devised by H. H. Dewey and W. W. Lewis. These tables were 
groups of variable calibrated resistances with plug-in leads by which 
any electrical network could be duplicated by a proper set-up of 
resistances on the table. A d-c. voltage was applied at the generating 
source, and the resultant currents read in each branch of the network. 
The value of the resistance inserted in each branch was determined by 
the value of the reactance in that particular branch of the actual 
network being studied. The resistance of the actual network was 
neglected. These tables were mainly used in finding short-circuit 
conditions. Their use in studying normal operating conditions was 
slight, since phase displacements of generated voltages and impedance 
angles of the network could not be duplicated by such a d-c. table. 

A-c. calculating tables} are an extension of the principles used in 
the d-c. calculating tables, in that the actual system is duplicated in 
the laboratory by means of the calculating table. It consists of many 
variable resistors, inductances, and capacitances, so that each unit of 
the actual network may be accurately duplicated, and these units 
combined into a network such as the one to be studied. An a-e. 
voltage is applied, and the currents in each branch are measured. 
Phase shifters may be used to simulate the phase displacements in 
voltages of the alternators on the actual system. 

Short-circuit conditions or normal operating conditions may be 
studied on this type of set-up, since the actual system is very exactly 
duplicated. Its accuracy is mainly limited by the evaluation of the 
constants in the actual system. 

The chief disadvantage of the calculating table method is its cost: 
Few companies, though much interested in network problems, could 
justify the purchase of such a table. As a result, few tables are now 
available, and many problems worthy of solution are not solved by 
this method. 


5. Solution by Simultaneous Equations—The solution of a net- 
work by simultaneous equations is so generally known that little 
reference to the method need be made. The simultaneous equations 
are set up to satisfy the two fundamental laws of electrical circuits, 
known as Kirchhoff’s Laws. The first law states that the total cur- 


*G. E. Rev., p. 901, 1916. 

G. E. Rev., Vol. ee a 1919. 
G. E. Rev., p. 669, 1920 

Elec. World, p. 985, 1922. 

Elec. World, p. ns 1923. 
Trans. A. I.E. E., p. 10, 1923. 
G. E. Rev., p. 611, M023" 

Trans. A. I. E. E., p. 831, 1923. 
Trans. A. I. E. E., p. 72, 1925. 
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rent flowing into each junction is zero. The second law states that 
the total drop in voltage around each closed loop is zero. To deter- 
mine the voltage drop in a particular branch, Ohm’s Law as applied 
to alternating current is used. This law states that the voltage drop 
across an impedance is equal to the product of the current flow 
through it and the value of the impedance. The set of simultaneous 
equations, so obtained, may be solved to obtain the current flowing 
in each branch. If the number of equations is large, this process is 
an extremely tedious and cumbersome one. The process may be 
shortened by the use of determinants, but the calculations are diffi- 
cult to check, and the intermediate steps in the solution do not have 
a physical significance that is easy to grasp. 


6. Solution by Trial and Error.—The solution of networks by the 
trial-and-error method, as described in the brief literature available, 
seems to be a rather unorganized method of procedure which depends 
to a large extent upon the judicious use of quite complete engineering 
experience possessed by the person using the method. 

One such method is outlined by H. H. Spencer and H. L. Hazen.* 
Quoting: ‘“‘By this method, a voltage is assumed at the load most 
remote from a generating station. Knowing the kv-a. and power 
factor drawn, the current is calculated, and the drop due to it, over 
the line to the next load, added to the assumed voltage. This load 
current may then be found, the drop due to both currents in the 
next section of line added to obtain the next junction voltage, and 
so on, until the generating station is reached. The discrepancy be- 
tween this voltage and that known to exist at the generating station 
is used in making a new trial voltage assumption at the first load, and 
the problem worked through again. ‘This procedure is continued 
until a sufficiently close check is obtained for the work in hand.” 

It is all too evident that the method here suggested would be very 
difficult to use unless the loads are on a single loop system. Branch 
currents in a network could not be guessed accurately enough, by 
this method, to insure the same voltage rise from the load to the 
generating station, regardless of the path taken. Therefore the dif- 
ference between the calculated voltage and the known voltage at the 
generator would be, at best, a very questionable indication upon 
which to base the new assumed values. Problems to which this 
method might be applied will lend themselves readily to more rigorous 


analytical methods. 


*Trans. A. I. E. E., p. 72, 1925. 
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Woodruff* outlines a cut-and-try method which, upon examina- 
tion, reveals that much ingenuity and engineering knowledge is re- 


quired if this method is to be used with any degree of success. Tig 


is mentioned by him, however, that the voltage drops caused by the 
assumed currents, when summed around any closed loop, may be used 
as a guide in assuming more correct current values. No definite 
method of procedure is described. Quoting (p. 200) “Each network 
presents a new problem, and no definite rules can be given which 
hold for all networks.” Dahl} (p. 2) gives a short description similar 
to that just given. 


7. Solution by Simplification of Network.—A solution accomplished 
by simplification of the network is explained in detail in several 
sources,t only a few of which are listed. By means of transformations 
the network may be reduced to a single equivalent impedance be- 
tween two points. Usually it is necessary to simplify the network 
by steps through a repeated application of transformations. The 
most commonly used method is the delta-wye or wye-delta trans- 
formation.{] Another method, less often used, is the star-mesh trans- 
formation.§ However, this method, in general, will not convert a 
mesh into a star. In networks where load is tapped off at a point 
other than a junction, Fortescue** shows a method which leaves the 
network unaffected, where a portion of that load may be placed at 
each of the junctions nearest it—leaving the line between these 
junctions untapped. 

These methods have many useful applications, but it is necessary 
to assume that all generated voltages in the system are exactly equal,» 
and in phase, before the system may be reduced to a single equivelane 
impedance. If the current in a particular branch of the network is 
desired, it is necessary to reverse the process and reconstruct the 
network before that current may be found. The method is reversible, 
but the work involved in this double process is sometimes almost 
prohibitive. It may, however, be found advisable to utilize some of 
these methods in a partial simplification of the network, before other 
methods of solution are utilized. 


8. Solution by Method of Successive Approximations —Although 
the method of successive approximations might be considered a cut- 


*Woodruff, L. F., ‘Principles of Electric Power Transmission and Distribution,’”’ Ch XIV, 
John Wiley and Sons Ine., New York, 1925, ve 


Toshi OP Ace “Blectric Circuits Theory and Applications,” Chap. I, Vol. I, McGraw-Hill 
Book Co., 1928. 

tE lee. Jour., p. 344, 1919. 

§{Elec. World and E ng., Vol. oe p. 413, 1899. 

§Jour. I. BE. BE. (L ondon), Vol. 62, p. 916. 

*Blec, Jour., D. 344, 1919. 
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and-try method, it is sufficiently different to warrant a separate 
classification. The methods discussed under this heading differ from 
the strict cut-and-try method in that, after the first assumption of 
values, the method leads very definitely and surely to the correct solu- 
tion, without further exercise of judgment in making new assumptions. 

The method of superposed solutions assumes power factors and 
voltages at the various load points. Then the principle of unit cur- 
rent is employed. By this method the current distribution in the 
network, for a single load, is found. Finding this distribution for 
each load, the actual resultant currents in the network are found by 
superposing each of these solutions upon the other. Fortescue* 
describes the method in these terms (p. 350): ‘If a number of currents 
are drawn from a network at various points, the resulting distribution 
of currents in the invariable portions of the network will be the same 
as that obtained by considering each load separately and superposing 
the separate solutions; the currents in the various portions of the 
network being combined vectorially.”’ 

The amount of work involved in this method of solution is not 
small, since each separate solution is a network problem in itself. Its 
main advantage lies in the fact that the addition of a load to a present 
system merely requires the separate solution for that load only, and 
this solution may be superposed upon the solution of the present 
system. However, if a new path is added to the network, all former 
solutions must be recalculated. Also, if the original assumptions of 
voltages and power factors were incorrect, a new, or several new 
solutions will be required. This difficulty assumes sizable propor- 
tions when it is realized that the individual load currents must be 
chosen at the proper phase relationship with respect to one particular 
voltage vector, common to all. It is not sufficient to assume these 
powef factors with respect to their respective load voltages which are 
shifted in phase with respect to each other, because of the network 
impedance drops. 

The method to be described in this paper is based upon the work 
done by Hardy Crossf in the solution of water flow through intercon- 
nected systems of pipes. Quoting (p. 8) ‘“Two methods of analysis are 
proposed. In one of these, the flows in the pipes or conductors of the 
network always satisfy the condition that the total flow into and out 
of each junction is zero, and these flows are successively corrected to 
satisfy the condition of zero total change of head around each circuit. 
In the other method, the total change of head around each cireuit 


Oey a ag tm Bul. 286, ‘Analysis of Flow in Networks of Conduits or Conductors,” 
6. 
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always equals zero, and the flows in the pipes of the circuit are 
successively adjusted so that the total flow into and out of each 
junction finally approaches or becomes zero.” 

The following portions of the paper will describe each of these 
methods as applied to d-c. and a-c. networks. Illustrative examples 
of such solutions will be given and the advantages, disadvantages, 
and limitations of the method discussed. 


III. Meruop or BaLaANcING VoLTAGE Drops 


9. Description.—The method of solution by successive approxima- 
tions is based upon the premise that all currents are assumed so as 
to satisfy the condition that the total flow into or out of each junction 
is zero, and these assumed values are successively corrected to satisfy 
the condition of zero total drop of voltage around each closed loop. 
The amount by which the total voltage drop around a closed loop is 
greater than, or less than, zero determines the amount by which the 
assumed current values should be increased or decreased. This 
method is applied as often as is necessary to reach the degree of 
accuracy desired. 

The method may be more readily explained by means of simple 
examples. These examples are obviously solved more readily by the 
“classical”? methods, but they are used only to illustrate the method 
of approach without attempting to show the advantages of this 
method. Currents and oppositions will be denoted by subscripts in 
this and other examples to follow. The symbol V,, will be used to_ 
indicate a voltage drop from a to b caused by the current Ia, flowing 
through an opposition Z,,. The symbol E,, will be used to indicate 
a voltage rise or source of voltage applied between the points a and b. 
Thus the following relationship becomes evident, Ea = —V! Als 
though, for simplicity, examples will be shown using d-e. circuits, it 
should be remembered that the method applies equally well, and in 
the same way, to a-c. circuits. 


10. Illustrative Problem—Single d-c. Loop.— 
a b 


Ea. = 10 volts; Ra = 2 ohms 
Roe = 1 ohm; Reg = 2 ohms 


-. 
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Procedure is as follows: 
(1) Assume currents. 
Let J, = 4 amperes 


In this circuit [45 = Ine = Ica = Tata 


(2) Calculate voltage drops around the loop. 
IwRa = 8 volts; Iy-Rs. = 4 volts; I-aReq = 8 volts 
Vaa = —10 volts 


(3) Find the total voltage drop around the loop. 
Pepdeas S TycRoe + Fakia + Vaa = 8 =p 4 aig 8 — 10 = 10 volts 


(4) Find the value of the current (correction current) by which 
the assumed current should be changed. 

If the summation of the voltage drops going around the loop in 
any chosen direction is greater than zero, the correction current flows 
in the opposite direction and must be subtracted from the original 
assumed current value. If the summation of voltage drops is less 
than zero, the correction current flows in the same direction as that 
chosen when finding the voltage drops, and must be added to the 
original assumed current value. This may be expressed in terms of 
subscripts in the following way: 


Vat Voct Vea t+ Vaa 8+4+8-—10 10 


= = = 2 amperes. 


Ra+ Rec+Ract Rao 2+1+2+0 5) 


aes = 


(5) Find the corrected values of the current. 


I, corrected, = It) — Ina = 4 — 2 = 2 amperes. 


(6) Repeat the process until the desired accuracy is reached. The 
value of the total voltage drop around each loop is a measure of the 
accuracy of the solution. 


IaRa = 4 volts; In-Rse = 2 volts; IcaRea = 4 volts 
Vat Voct Vcat Vaa Pe 4+2+4-—10 


5 5| 


= 0 ampere 


Wich = 


The total voltage drop around the loop is now zero, so Ia = 2 
amperes is the correct current value. 


ie e 


Re = hi. = Res = Ra = Rap = 2 ohms 


Ey. = 10 volts; Ea. = 14 volts 


y (1) Assume currents. : . 
_ Let Io = 4 amperes, 74 = 2 amperes, I. = 6 amperes 
(2) Calculate voltage drops around the loops. ie 
=a Va = 4 X 2 = 8 volts; Vi = 6 X 2 = 12 volts 4 


Ve =4X2 =8 volts; Va =—2 X 2 =4 volts 
Vea =2X2 =4 volts. 


(3) Find the correction currents for both loops. 4 
VatVeetVet Vie ~8+12+8—10 18 


L.jeq. = —__ = SS _ = — = 3 : 
feb RatRoet+Rest+Rya 2424240 ai 


6 
VaotViet Vert Vac 44-12 ds 6 
6 


Re 


Lae = —————____— = ——_—____ = — = lampere 
RatRsetRatRa  2+2+2+0 ee 
Then J. = 4 — 3 = 1 ampere ; 
% : f % 
I4 = 2—1=1 ampere : 
Ine = 6 — 3 — 1 = 2 amperes 
= (4) Repeat the process. = 7 
2+4+2-10 —2 
Losea = ———————— = —— = —0.33 ampere 
6 6 
2+4+2-—14 —6 
Leaebe = mer ae = —1 ampere 


Oo 


; ee 
ella 2674+ 6.66 + 2.67 — 10 
Taseo nr = 0.33 ampere 


4+ 6.667 + 4-14 0.67 
— = ia = 0.11 ampere 


Iq = 1.33 — 0.33 = 1.00 ampere 
I» = 2— 0.11 = 1.89 amperes 
Ive = 3.33 — 0.33 — 0.11 = 2.89 amperes 


2 + 5.78 + 2 — 10 — 0.22 
Lofeoa = ——_____—- = ———— = —0.04 ampere 
6 6 
3.78 + 5.78 +3.78-—14 —1.34 
Leaebe = A ala = ——— = —0.22 ampere 
6 6 
I~ = 1.00 + 0.04 = 1.04 amperes 


I» = 1.89 + 0.22 = 2.11 amperes 
Ih. = 2.89 + 0.04 + 0.22 = 3.15 amperes 


_ The correct values are 


Ia = 1 ampere; J. = 2.0 amperes; Ip. = 3.0 amperes 


This problem might also be worked one loop at a time; first one 
loop, and then the other. 


I, = 4 amperes; I. = 2 amperes; J. = 6 amperes 


See 810s. 18 


Losesa = = —— = 3 amperes 
i 6 6 
= 4 — 3 = 1 ampere; /, = 2 amperes; l,, =6—3 = 3 amperes 
4—14 
Ledeve = ae Ps 0 ampere 


6 


Ia = 1 ampere; I.» = 2 amperes; J», = 3 amperes 
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The assumed values of current in this case were such that the 
second loop was balanced by the first correction on the first loop. 
It must not be concluded that this second method arrives at the 
desired result much more rapidly than the former method. It does 
correct itself more rapidly, but this obvious advantage may be out- 
weighed by the fact that, for the more involved circuits, each current 
will require several corrections during the process of considering each 
loop of the network once. Hither of the two methods may be used. 
The choice of methods will depend upon the operator’s ability and 
individual experience with each. The method, as illustrated, need 
not be rigorously followed. The correction current may be given any 
value desired, which in the engineering judgment of the user will 
cause the voltage drops in each loop to become zero after fewer’ 
corrections. The sum of the voltage drops in each closed loop may 
be used merely as a guide in determining the direction of, and the 
amount of, correction current to use. Such engineering judgment will 
shorten the method both by its use during the calculations, and in 
the choice: of original assumed values of the currents. As the user 
becomes acquainted with the method such choice will be more easily 
made. However, in any case, if the method is rigorously followed, 
the correct solution will surely result. It should be pointed out that 
the original assumed values of the currents used in these illustrative 
problems were purposely chosen at unlikely figures so as to better 
illustrate the method. 


IV. Merruop or BaLANcInNG CURRENTS - 


~ 


12. Description.—This method employs the fact that the voltage 
drops around each closed loop must equal zero. The potential at 
each junction is assumed, and the current in each branch caused by 
the resultant potential differences is found. The sum of these cur- 
rents at each Junction is found, and, if this is not zero, the currents are 
corrected successively until their sum at each junction approaches zero 
within the desired degree of accuracy. This is done in such a manner 
that the total voltage drop around each closed loop remains equal to 
zero. ‘The excess or deficit current* at each junction is distributed 
over the branches as shown in the following. Proof of the correctness 
of the method is also given. 


13. General Proof——Consider the simple single junction circuit 


shown where the potentials at a, b, and d are known with respect 
to a reference point o. 


*Hereafter a deficit will be treated as a negative excess; only excesses are considered to exist. 
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%e he 
2 The admittance of each branch 
is known. 


E.a, E.» and E,¢ are also known. 


qd 


Rigorous solution: 


Doo = Won — Bc) Y ac (1) 
Toe = (Ew — Eve) Yvc (2) 
Tac = (Hoa — Eoc) Y ca (3) 
Toc Helse + Lac = 0 (4) 


Substituting (1), (2), and (3) in (4) 
(Eva = ey Pa on (Eu = Esc) Vic ae (Eva a Ecc) Veg = 0 
rc tek tc 3 ibe a Sa) a Pica tas + BY os ap sak a (5) 


Let (CY ae 4- Ve: = sas) =K 


Substituting (5) in (1) 
(Woon d ae =. EowY bc + Loa ca) Lee 


be ae De het a K 
te Yee Boal ce Y ca Poa Y ao LobY atY to — Loa Y acl ca 
ag K 
(Eoa Pi En) Vie) te =| (oz = Ea) Vind ot 
Lee = K 
ae Ya] (6) 
ies == (Boa = Ew) Vac ete (Eoa == a) cd 
4G 
Likewise it may be shown that 
Diba = By [ (Lop 3 Ea) Vien, ce (Lon = Eua) Y al (7) 
K 
and 
dl Ge = ae | (Boa — oa) Dae ah (Boa —- Eww) Yoo! (8) 


a 


Tae = (Eoa rad Ecc) ¥ ea hac 


ew... 
-——-Let Ie be the correction current to be added to each of the ¢ 8 
- just found to obtain the correct values Tac, Ipc and Ica as calculated 
by the previous rigorous solution. 


Then 


°. 
Ine 7 ES a his = Te aa 1 be 


Use the second form for convenience; then 


o ‘ ig es te ate 
Is ay Tee Tee 
sen Tey = pe Tels 
Substituting (9) and (6) in (12) 4 
Yous 7 . ‘ 
as = (Boa oe E%.) Yee <r K [(Eoa = Ew) Yas + (Boa _- Eva) Yale a 
he = K (BoaY oc a EoaY be a Boa ca aan EoaY be of EwY ve a EoaY ca oo 
Boa Y ca -—7 E?-K) : ~ ‘ 
Is = ra k Bcak xo = Boo V se =f EoaY ca ai) E’.K) | 


ac 


Tig = R (eet diet 1.) , (15) 


Likewise it may be shown that 


y 


be 
Is, =e K (Ce ie Ths =f 1) (16) 


Yor “4 
£5. = K [(Eou - E®.) Vue + (Fao Em yam) Vie = (Boa — E%-) Ya] | 
im f 

4 

‘ 

“« 


Y ca j 
a= eae te NRE Ii.) (17) | 
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Since K = Y,. + Ys. + Yea, it is evident that 


I + Ie =e y jee = | se ike =f Tee 


Therefore all the excess has been distributed so that the sum of 
the currents is zero after the corrections just derived have been 
applied. 

This derivation was based on the assumption that the voltages 
Eva, Ho and E,q were known. Then £,, is corrected to its proper 
value with respect to E.., E., and Ea by distributing the excess 
at c as in the foregoing. If F.., Eos, and E,4 are assumed values that 
must also be corrected by the method employed at junction c, an 
excess will again arise at junction c and may be treated in the same 
fashion. This process is used at each junction, and the new excesses 
arising at each junction are then handled as were the original excesses. 

Let X? represent the excess at junction c resulting from an 
arbitrary choice of voltages at junctions a, b, c, and d. 


Then ret da ae 


Likewise, if junctions a, b, c, and d are only a part of a network, 
excesses will arise at those junctions also. 
Let k indicate the junction letter of adjacent junctions. 


Then Xe =e tliat... t+ Lea 
X=lIptint...+I% 
Xe =Teatliat...+ Lea 

If these excesses are treated as shown previously a new excess will 


arise at each junction. 


Thus X, = I.(a) + Is-(b) + La-(d) 


Where ae 
OF = XS 
Ka 
Tine 
Ii.(b) = Xx} 
ae ) Ky b 
Voge 
iid) = xi 


Ya 
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Likewise, XX. =e PG) 4 eo) 
Xp = In(k) + Tia(k) +... + Talo) 
Xa = Tialk) + Tia(k) +... + Decale) 


Then Vee e, 
Ii, = x. 
Ke 
ae 
Pe, 
K. 
Ye 
jee Se 
Ie 


Similar relationships exist at junctions a, b, and d. 

Then X" = Ii.(a) + In. (b) + Iae(d) 

This is treated as was X/ and so on until the excesses approach zero. 
Then Ige = I’. + Tic(a) — Teale) + Tie(a) — Tine) +... 


ac 


or ihe ad fel 


[Xe + Xo+... 4+ Xa] 


a 
a 


r 


ae 


[Xg+ Xe+...+ Xa] (18) 


c 


Other currents are found in the same way. 


This method allows leeway for the application of engineering judg- 
ment and knowledge of electrical circuits in that it is not necessary 
to distribute each time all of the excess existing at a junction. The 
only necessary and sufficient condition is that [¢., 1%, and I¢a be pro- 
portionate shares of the excess chosen to be distributed as expressed 


ee ules K- 
Since the excess X at the junctions will most likely be a value con- 
sisting of fractional numbers such as, for example, 16.48 + 723.41, 
and multiplying this value by Y/K would be numerically more diffi- 


« —T =” _ 
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cult than multiplying Y/K by a value such as 15 + j20, it would be 
desirable to devise a system to take advantage of this fact. 

Let N be a value, containing no fractions, to be distributed in- 
stead of the actual excess X found at the junction. Let R be the 
remainder of the excess X at a junction. 


Then R=X—-—Norx=N+R 


After the first correction at each junction the total excess at a junction 
will be X’+-F of which N’ is to be distributed leaving a remainder R’. 


Thus X’+R=WN'+R’ or X’'=N’'+R'-R 
Likewise X" + R’ = N" + BR” or X” = N” + R” — R’ 


Substituting these values for X’, X’, X”, and so on, in equation (18) 
it becomes 


ac 


Toc = Tc + if 
ac tac K 


[((Ne+R%) + (Ni+Ri— R38) + (N+ R0—Ri) +... 4X4] 


a 


Voc , ” ” / on 
i K [(N¢+ Re) +(Ni+ Ri —R2) +(NO+R0— Re) +. . + Xe] 


a 
ac 


) Pe be 
a5 K 


[N2+Ni+Ni+...+X3] 


a 


LaF 
Le: [No+NL+Ni+...+Xz] (19) 


c 


Utilizing the facts shown by Equation (19) will very materially 
reduce the amount of work involved in applying this method to the 
solution of a network. This fact is of material benefit in solving net- 
works, particularly when positive and negative excesses appear at 
adjacent junctions. This will be pointed out in the illustrative prob- 
lems that follow. 

In the proof just given a junction of three branches was chosen. 
The same proof can be found for a junction into which any number 
of branches enter. Resultant equations similar to Equations (15). 
(16), and (17) may be expressed in the general form 


Y px 0 ) 7) 
Es = aap leet We Mente) Pea td ay) 


a) 


ee 14. 1 llustrative Problem—Single d-c. Loop.— 


b 


Rw» = 2 ohms; R.a = 2 ohms ~ 


Ree = 1 ohm; Raa = 0 
Ea, = 10 volts 


Assume Ey, = 1 volt 
Then J%, = (10 — 1) 0.33 = 3 amperes 
Le =O = 1) 0.5= =0.5 ampere 


0.33 
I = —————— (8 — 0.5) = 0.4 X 2.5 = 1 ampere 
0.33 + 0.5 — 
0.5 
td = 033 h05° — 0.5) = 0.6 X 2.5 = 1.5 amperes 


Then I4-.=38— 1 = 2 amperes-~ 
Tac = —0.5 — 1.5 = —2 amperes 


15. Illustrative Problem—Two-Loop d-c. Circuit.— 


a b G 


a e e/ 
Ra = Re = Rye = Rp = Reg = 2.ohms 
Ey. = 10 volts; Ea = 14 volts 


Se a ee rT 


ee NI E’ es 

bal ie ti he 
res 80 me point ris teat must be chosen; 
7 Then E.y, E.a and E.4 would have t ) be 
4 fewer assumptions necessary, the more rapidly = 
is accomplished, it is desirable to redraw this circuit a 
wn with its electrical conditions unchanged. 


a RA b G 


« 
Rap i: Rs. = 4 ohms 7 
Ree = 2 ohms 
Ea = 10 volts 
E.. = 14 volts 


7 e 
Assume £4 = 0 volts 


— Then — 
f Iw = (10 — 0) 0.25 = 2.5 amperes 


c = (14 — 0) 0.25 = 3.5 amperes 
Im = (0 — 0) 0.5 = 0 ampere 
0.25 


ee (95 13.5 4 0) = 0.25 X 6 = 1,5 amp, 
096-6 0.25 +05 ( ) 


I. =-0.25 < 6 = 1.5 amperes 
Ty. = 0.5 X 6 = 3 amperes 
Ia = Im — Iba = 2.5 — 1.5 = 1 ampere 
(— Ie = 1% — i. = 3.5 — 1.5 = 2 amperes 
Ia = I% — Ite = 0 — 3 = —3 amperes 
Excess at b is now 1 + 2 — 3 = 0 which indicates the solution is 
completed. 


16. Illustrative Problem—Three-Loop d-c. Circuit.— 


(24 2 c a 


e 


Ris = Bre = Rea = Ree = Ree = 2 ohms 


E.. = 10 volts; E.a = 18 volts 
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Assume E£., = 10 volts, and E,. = 0 volts 


Then 
I%, = 0 ampere; Jj. = 5 amperes 
I%, = —5 amperes; Ja, = 9 amperes 
I% = —5 amperes; I?. = 0 ampere 


For junction 6 
0.5 
Yee (0—5—5) =0.33 X (—10) = —3.33 amperes 
0.56+ 0.5 + 0.5 
Ik. = 0.88 X (—10) = —3.33 amperes 


Ii. = 0.83 X (—10) = —3.383 amperes 


For junction c 
0.5 
o = 5+9+0) = \% X 14 = 4.67 amperes 
a rae eerie )= 4 i 


Ita = 4.67 amperes 


I-. = 4.67 amperes 


Let I‘ be the current after the first correction 
It» be the current after the second correction 
I~ after the third correction, and so on 
Ix(a) correction current from junction a 
Ita(b) correction current from junction b 
Ie = Is — Iba = 0 + 3.33 = 3.33 amperes 
Ivy = I’m — Tie(b) + Tia(e) 
—5 + 3.33 + 4.67 = 3 amperes 
In = I — Ie = —5 + 3.33 = —1.67 amperes 
Tac = Tae — Tia = 9 — 4.67 = 4.33 amperes 
Inc = It, — Ic. = 0 — 4.67 = —4.67 amperes 


Excess at b = In + In + 1% = I%o(c) = 4.67 amperes 


Excess at c = Itc + Tig + Tie = I;.(b) = —3.33 amperes 
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Second distribution at junction b: 
Iva = 0.33 X 4.67 = 1.56 amperes 
Ive = 0.33 X 4.67 = 1.56 amperes 
I,. = 0.33 X 4.67 = 1.56 amperes 


Second distribution at junction c: 
I = 0.83 X (—3.33) = —1.11 amperes 
Ica = 0.33 X (—3.33) = —1.11 amperes 
Ice = 0.33 X (—3.33) = —1.11 amperes 
Ia = Its — Tia = 3.33 — 1.56 = 1.77 amperes 
I = Is — Iee(b) + Tin(c) 
= 3 —1.56 — 1.11 = 0.33 ampere 
Te = I — Ib. = —1.67 — 1.56 = —3.23 amperes 
Tie = Tae — Tig = 4.83 + 1.11 = 5.44 amperes 
Tee = Ite — Iie = —4.67 + 1.11 = —3.56 amperes 


This process is followed until the accuracy desired is reached, the 
excess remaining at each junction being a measure of the accuracy 
attained. The following tabulation shows the current values after 
each correction. In this case both junctions were corrected, and the 
resultant conditions were used to recorrect both junctions. 


J hers Ie We Eas Meg 

OngmalyValuess..2c-....: 0.0 —5 —5 9 0.0 
EStMOOLTECHON Ave soos sos « Suge 3 —1.67 4.33 —4.67 
ANG G@OLTeGtOMNs2. . sas a ct aL eee 0.33 —3.23 5.44 —3. 56 
SECC OLTECHOMN s ceccsctc s/o 8 « 2 2.15 1 522 —2.86 4.92 —4.08 
Ati OOTFECULON ss 42... 5u-< <5 1.98 0.92 —3.03 5.05 —3.95 
EM OOLLECGION sa oes o.<.0--10 2.02 102 —2.99 4,99 —4.01 
@orrecti Values... 6.2. .<6.+- 2 1 —3 5 —4 


In this problem the voltages at b and ¢ were purposely picked at 
unlikely values, and also were chosen so that a positive excess would 
originally exist at junction ¢ and a negative excess at junction b. 
With such a positive and negative excess at adjacent junctions it is 
noticed that the current values found become alternately greater than 
and less than their correct value. However, the variation from the 
true value becomes less each time. Reference to this significant fact 
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will be made later, and a method of utilizing it to lessen the work 
required will be suggested. 

It is not necessary to correct both or all junctions first and then 
find the new values of the excesses at the junctions. One junction 
may be corrected, the original currents corrected, and the resultant 
excess at the adjacent junction distributed and its currents corrected, 
and so on, treating each junction separately until all have been cor- 
rected. Returning to the first junction, an excess will be found 
because of changes at the adjacent junctions. This may be corrected 
and the same process followed again. This method will be shown in 
the following solution of the illustrative problem just solved. 


17. Illustrative Problem—M odification of Method Used in Section 16.— 
10 volts, E.. = 0 volts as before. 


Assume Ez 


Then J) = 0 ampere; Jj. = 5 amperes 


‘o> = —5 amperes; Jj. = 9 amperes 
Iv = —5 amperes; [?. = 0 ampere 
Excess at junction b = (0 — 5 — 5) = —10 amperes 


Ita = 0.83 X (—10) = —3.33 amperes 
Is. = 0.33 X (—10) = —3.33 amperes 
Ij. = 0.83 X (—10) = —3.33 amperes 
Tie = Ivy — Iba = 0 + 3.33 = 3.33 amperes 
I = I — Ibe = —5 + 3.33 = —1.67 amperes 
I = I% — Is. = —5 + 3.83 = —1.67 amperes 
Excess at junction c = Ij, + 2. + Ibe 
=9-+0-+ 1.67 = 10.67 
Iva = 0.33 X 10.67 = 3.56 amperes | 
Ice = 0.83 X 10.67 = 3.56 amperes 
I~ = 0.33 X 10.67 = 3.56 amperes 
Tie = Tie — Ig = 9 — 3.56 = 5.44 amperes 
I, = I?. — Ii, = 0 — 3.56 = —3.56 amperes 
I% = Ty + 1% = —1.67 + 3.56 = 1.89 amperes 
Excess at junction b = I~ + 1, + I’, 
= 3.33 — 1.67 + 1.89 = 3.57 amperes 


_ — 
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This method is followed until the desired accuracy is reached, the 
excess remaining at each junction being a measure of the accuracy 
attained. The following tabulation shows the values of current 
existing after each correction. 


vf ab T cb ie eb I dc Ih ec 

Wriemal Values..:............ 0 —5 —§ 9 0 

Ist (6) Correction. ............ 3.33 —1.67 —1.67 

Psti(e) Corrections <. <2.0c..:..- 1.89 5.44 —3.56 
e2nd.(>), Correction....cy.-...... 2.14 0.70 —2.86 

2nd (c) Correction............. 10 5.04 —3.96 

srdi(h) Correction. ....6...<~... 2.01 0.97 —2.99 

srd (6) Correction............. 1.01 5.00 —4.00 

4th (b) Correction............. 2.00 1.00 —3.00 

Worreet Valuiess: oa don sce oe dai 2 1 —3 5 —4 


A comparison of this tabulation with the previous one shows that 
the correct values are reached more rapidly by this process than by 
the previous method. This is an advantage, but when many junc- 
tions are involved it may be found difficult to keep the currents and 
excesses at junctions properly tabulated. All currents except those 
at the inlets or outlets of the network will have to be corrected twice 
while going through one cycle of operations. 

It has been mentioned previously that all of the excess at a 
junction need not be distributed. Only that portion of it, which in 
the judgment of the user of the method will cause the desired solution 
to occur more rapidly, need be distributed. Conversely, more excess 
than actually exists at a junction can also be distributed. The fol- 
lowing example will serve to illustrate the process followed while using 
partial excesses. This idea may be used in conjunction with either 
method previously outlined. In the example the method used will 
be that first shown. 


18. Illustrative Problem—Partial Excess Method.—Still utilizing 
the same circuit, assume as before 


E. = 10 volts, H.. = 0 volts. 


Then I’, = 0 ampere; Jj. = 5 amperes 
I°?, = —5 amperes; Jz. = 9 amperes 
I°, = —5 amperes; J?. = 0 ampere 


Excess at junction b = (0 — 5 — 5) = —10 amperes 


Excess at junction c =(5+9+0) = 14 amperes 
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Since part of the negative excess at b will appear as a negative 
excess at c after the first correction, and since the same thing will 
happen at b as to the positive excess at c, only a partial excess should 
be distributed at each junction. 


Move (—6) at junction b; remainder = —4 amperes 
Move (12) at junction c; remainder = +2 amperes 
Is. = 0.33 X (—6) = —2 amperes 
Ike = 0.83 X (—6) = —2 amperes 
Ike = 0.83 X (—6) = —2 amperes 
Ica = 0.83 X 12 = 4 amperes 
Iv. = 0.83 X 12 = 4 amperes 
» = 0.338. X 12 = 4 amperes 


Then In = I — Ii, = 0 + 2 = 2 amperes 
I = I — Ite = ~5 +2 = —3 amperes 
Im ,= Im — Iee(b) + I(c) 
—5+2+4=1 ampere 


Tic = Ii. — Ina = 9 — 4 = 5 amperes 
Ive = I?, — Iie = 0 — 4 = —4 amperes 
Excess at junction b = Ia + Ie + 1% 
=2+1-3=0 
Excess at. junction ¢ = Ia, + Ibe + [vc 
=5-1-4=0 
This problem is intended only to show the method of procedure, 
and it is not to be concluded that its use will reduce the number of 
operations necessary to the extent that was possible in this problem. 
In a network of many junctions it may be difficult to estimate before- 
hand how much excess will be delivered by adjacent junctions so as 


to allow the proper amount of excess to remain at the junction under 
consideration. After some experience with the method, the user will 


* ‘ 
te A an ) 
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be able to exercise judgment as to the amount of excess to be dis- 
tributed at each junction so that a proper solution will result more 
rapidly. 

A more evident advantage in the right to choose the size of excess 
is the fact that numbers which are more easily handled arithmetically 
may be chosen. An example is the distribution of a partial excess 
of 10 amperes when the actual excess is 14 amperes. This is particu- 
larly true when a-c. circuits are involved where both the excesses and 
the ratios of distribution appear as complex quantities. 


V. SoLuTion or TypicaL NetworkK PROBLEM 


19. Statement of Problem.—Consider a network to which three 
alternators are supplying current and from which three loads are being 
supplied. The loads are represented by impedances the values of 
which are determined by the size and power factor of the load. The 
network is considered to be a balanced three-phase system, and is 
represented by a single line diagram. All values shown are phase to 
neutral values. To illustrate that the methods shown here are per- 
fectly general, the voltages at the alternators are chosen at unequal 
values, and are also out of phase with each other. In this system 
the method of simplification, using delta-wye transformations, can 
be used only to a certain degree. The system cannot be represented 
by a single equivalent impedance. 


Epm = 10,000 + 70 
En = 10,000 + 7500 
Ey. = 10,000 — 7500 


Zap; Zep Lap are - 
load impedances. 


Point p is the neutral 
of the system. 
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Admittance 
0.0031 — j0.0554 
0.0025 — 70.05 


0.0044 — 70.0664 
0.1538 — j0.2308 


ocoossocs 


0.009 + 70.0044 
0.0135 — 70.0065 
0.004 — 0.003 


20. Solution by Simultaneous Equations.—The following results 
were obtained by solving nine simultaneous equations in as many 
complex unknowns. This is accomplished by eliminating unknowns 
one at a time until the remaining one is determined; then the other 


unknowns are determined by a reverse process. 


Calculations were 


made by means of a slide rule. A small error is present for that reason, 
particularly since the values of impedances vary from 200 ohms to 
2.408 ohms. Since this method is so commonly known, there is no 
need to explain it further, nor to discuss its inherent disadvantages. 


Ino = 23.4-— 712.8 
Toa = 29.147 9.6 
Toe = 73.9 — 754.6 
Tua = 7926 — 922.2 
Inc =19.6 +) 3.0 
Ibg = 51 —fll.5 
In =94 —J24 

Iea = 30.9 —j 4 


Hee 
Toc 
Tay 
es 
Tj 
Iles 
Tus 


Top 


53.4 — j32.2 
64.7 — j36.5 
20.4 — j33 
90.6 + 727.2 
AO pre jeeee 
114° — 78 
19.7+ 7 9.6 
33.7 — j41.8 


The error in these values is not great, but they are not exactly 
correct, as can be shown by taking the sum of the voltage drops 


around each closed loop. 


Pe Pes Rey cs Ch Cee) ye acy oe 


125 + j211 
0 +g! 
0.3 + 70 
Siesta 7 
San 76 
0 
30 + j157 

—126 — j224 


ta tne 
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The large discrepancies are in those loops containing large im- 
pedances; therefore quite a small error in current values is sufficient 
to account for such voltage discrepancy. 


21. Solution by Balancing Voltage Drops—In this method it was 
thought convenient to use unit or per cent values, since some of the 
loops involved contain constant voltages independent of impedance 
drops. The relationships existing can be shown as follows: 


Loop mabnm: ImaZma + LarZar + IonZon = Epm — Eon 


Choose a certain current J, and voltage EH, as a basis upon which 
to calculate percentage values. 


J ioegs Ii A ins lhe 1S Lion Tin Vie ea Eine 


eee G3 B ig ce TIMER: ip 
Ta i Shas 
(per cent Zima) + s (per cent Za») + (per cent Zon) = 
Be Bn 
-". x 100 


Tr 


Let I, = 100 + 70 E, = 10,000 + 70 


100 X 100 X Zina 
10,000 


| ip soe 


Then < 100 = per cent Zina = 


: id 
or per cent Zna = Zma in ohms 


Values for Ima/I, were used as a ratio. 


For example, Ima/I, was used as 0.4 + 0 
Pepi le 0.3 + 70 
Nel SF 0.3 + 70 
The solution by this method was not carried to completion, 


because it soon became evident that the work involved would be 
much greater than that required by the method of balancing currents. 


22. Solution by Balancing Currents.—To solve the network by 
this method it is necessary to assume voltage values at each a the 
junctions. Any value may be chosen at each point, but an analysis 
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of the network and of the method to be used shows the advantage 
of choosing the voltage values in a systematic way. 

The values of current passing through large impedances will be 
corrected quite slowly if the other incoming impedances at that junc- 
tion are small. Since the input and load impedances are all large 
compared with the ‘grid’ impedances, it is desirable to have the input 
current total equal the load current total. This may be done by 
assuming all voltages on the ‘grid’ to be the same. Then the system 
may be considered merely a single junction into which all alternators 
feed, and from which all loads are supplied. Then, by assuming a 
voltage at this single junction, calculating the currents, finding the 
excess, and distributing it once, the values of current in each alterna- 
tor and load are found. The resulting values will be such that the 
total current entering the system will equal the total current leaving 
it. This preliminary method is worthy of consideration, since it will 
shorten the calculation, and applies to the usual a-c. power network. 

When the currents are thus determined the original network is 
considered. Excesses will result at a, b, c, d,e, andg. These excesses 
will be positive at a, b, and c and negative at d, e, and g. Each junc- 
tion is treated, the new excesses found, these distributed, and so on, 
until the excesses at each point are small enough to indicate that the 
solution is sufficiently accurate. The final currents, found after the 
fifteenth correction, are shown in the following tabulation. 


Final results 
Teg = 40.4 = 781.7 
Toc = 59.6 — 730.7 
Tag = 25.4 — 729.4 
Ta = 91.1 + 929.7 
Tye = 36.2 — 728.5 
Iep = 112.6 — 780.2 
Ing = 9.847 1.5 
Igp = 33.4 — 733.6 


Ing = 24.1 —J11. 
Tae = 26.64 911. 
Tae = 74.6 — 750. 
Ina = 76.2 — 727. 
Ite = 17.4—]7 0. 
Ihe = 50.8 —j 8. 
In = 90.7 —j19. 
Tce — 37.0 — Jal, 


oCoonrtn nn co K& 


Excess at Junction 


a= 0.94 1.1 e=-1.84 j 1.0 
b=i—1.14-90.8 f=-1.0+]j 0.6 
¢="—0.9-- 71.3 g = —2.8-—j 0.4 
d = —2.1+ 31.0 


To illustrate how, after the first corrections, the currents become 
too large and then too small, each time differing from the correct 
value by a smaller amount, the following curve sheets (Figs. 1, 2, 
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Fic. 1. ENvELOpE CurvE For APPROXIMATIONS—LOAD CURRENT 
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Fic. 2. ENvELOPE CURVE FOR APppROXIMATIONS—INPUT CURRENT 
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Fig. 3. ENveLopH Curve ror APPROXIMATIONS—NETWORK CURRENT 


and 3) show the envelope curves of three typical currents, namely, a 
load current (Fig. 1), an input current (Fig. 2), and a line or network 
current (Fig. 3). Plotting the values of any other current will result 
in curves having the same characteristics. One of the curves on the 
curve sheet is the real component of the first, third, ete., approximate 


currents. The companion curve is that of the reel pompnnene of | - 


the second, fourth, etc., approximate currents. The i imaginary com-_ 
ponents of the current are treated in like fashion, resulting in similar 
envelope curves. In this solution, total excesses were distributed 
each time. 

The purpose of including these envelope curves is to show that, 
if total excesses are distributed as was done in this solution, the 
envelope curves for any other problem could be drawn as the solution 
proceeds and, if only reasonable accuracy is required, the currents in 
each branch could be found by extrapolation, thereby shortening the 
calculation considerably. It is interesting to note that in this particu- 
lar solution the center point between the envelope curves at the sixth 
approximation is in each case within one ampere of the finally-deter- 
mined value. This was found to be true for all values of current in 
the network. In some instances it differed from the proper value by 


less than one ampere. This applies to both the real and the imaginary 
components. 
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To further illustrate the possibility of shortening the process by 
distributing only partial excesses, the solution of the network to a 
slightly less degree of accuracy than that given by the solution 
already shown was accomplished by repeating the process only. six 
times. The values of current found correspond very well with those 
in the former solution, as is shown by the following tabulation of 
final values. The partial excesses chosen were usually close to the 
actual value of excess existing, except in the first corrections, where 
it was evident that distributing most of the excess would have caused 
an excess of the opposite sign to exist for the next correction. The 
values of excess chosen were numbers easily handled, such as 10 + 10, 
40 + j0, and soon. The correction currents for each branch were in 
that way easily determined. 


Final Results 


Itqe = 2423 — 712.6 Teg = 38.5 — 732.0 
Fea = 27.0 +711.5 I Trap SYP Palatal 
Dede — Jol. o Tay = 23.5 — 730.2 
Tg ocd §— 2p. 4 Ta = 91.4 + 928.4 
Teo le — 97 LT Nps = 37.2 — 925.2 
Iba = 49.9 —7 9.5 Vere, — j80.2 
Iw = 90.5 —j18.2 Tipp == AOS) id 12 
tetas ins =e (PIES = Gps). 
Excess at Junction 
a= —0.1+71.6 e= —2.7+7 3.6 
b= —0.74+7 5.1 f= —2.9-—j 3.8 
e= —2.94+73.2 g = —4.84+ 7 0.5 
d= —0.2+ 7 2.6 


VI. CoNcLUSIONS 


23. Method of Balancing Voltage Drops.— 

(1) This method, if followed as first described, will lead to a 
correct solution in less time than by the solution of simultaneous 
equations. 

(2) After knowledge of the method has been gained, such knowl- 
edge applied in choosing, instead of rigorously calculating, loop cor- 
rection currents, will aid in materially reducing the time required to 
obtain a sufficiently accurate solution. 


24. Method of Balancing Currents.— 


(1) This method, used in any of the ways described, saves con- 
siderable time in obtaining the solution of an a-c. or d-c. network. 
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(2) After knowledge of the method has been gained, the distri- 
bution of partial excesses will cause the desired solution to result 
quite rapidly. 

(3) If total excesses are distributed in each case, the envelope 
curves may be drawn as the solution proceeds, and the necessity for 
additional work will be told visually by those curves. Extrapolation 
of the curves, or midpoints between the two pairs of curves, may be 
used to determine current values if extreme accuracy is not essential. 

(4) If the solution is set up in proper form the method becomes 
very simple, and there is little chance for error. Appendix A shows 
suggested forms that may prove useful. 

(5) If an error exists in the solution finally obtained, it will become 
evident by checking voltages at each junction as obtained by arriving 
at the junction over the various possible paths. If discrepancies 
arise, choose the most logical value of voltage at that junction. By 
doing that for each junction, and calculating resultant branch cur- 
rents, excesses of an order dependent upon the size of the error will 
appear. These excesses can soon be distributed properly. It is not 
necessary to begin the solution all over again. 

(6) If a change is contemplated in a present network for which a 
solution has been obtained previously, the solution of the new net- 
work can be obtained readily by merely introducing the excess caused 
by the change, and proceeding from that point. . 

For example, if a load is to be added at point a, assume that the 
voltage is that value present on the actual system, and a negative 
excess at that point will appear due to the added load. Distribution” 
of that excess will require less time than if an entirely new solution 
were required. In the same way an alternator added to the system 
will cause a positive excess, which may be given the usual treatment. 
If a line is added between junctions a and b, the existing voltages of 
the actual system will cause excesses at points a and b, one positive 
and the other negative. Proceeding from this starting point, a 
satisfactory solution will soon result. 

Neither of the two methods here described has been fully explored. 
In the particular field considered, a-c. power networks, the methods, 
particularly the second one described, have considerable merit. The 
same principles will apply equally well in other particular types of 


circuits, and the user will soon gain the experience necessary to make 
the methods even more helpful. 
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APPENDIX A 


1. Suggested Forms.—It is desirable to use some definite method of 
tabulating the calculations necessary in employing any of the methods 
set forth in this bulletin. The ingenuity and individual taste of the 
operator will determine the method of tabulation. Any method which 
will decrease the errors of omission and facilitate numerical calcula- 
tions will prove worthy of adoption. The following form is sug- 
gested as such a method when a solution by balancing currents is 
being obtained. 

A sheet, laid out as shown in the following, should be utilized for 
each junction, each sheet being given the same index letter as the 
junction on the network diagram. Calculations of successive correc- 
tion currents are made on each sheet and, by reference to the other 
sheets, the excesses may be found and recorded for each junction. 

Consider a network a part of which consists of a junction a con- 
nected to junction 6 through Y,,, to junction ¢ through Y.a, and to 
junction d through Yaa. Similar conditions will exist at junctions b, 
c, d, and all other junctions of the network, but consideration of 
junction a will show the method of setting up the forms for the 
other junctions. 


Veg 
I% = DaN,. where Da = i 
ee 
It. = Dac-Na where Dac = - 
Via 
fa = DaaNa where Daa = . 


N, = excess to be distributed from junction a 
Ke= Vogt Yea bt Vda 

Xi = Ita(b) + Lea(e) + Taa(d) 

Ija(b) is Ita from sheet B 

T’,(c) is I%a from sheet C 

Iia(d) is Iga from sheet D 


Let NO= XL -— Ri 


pate 3 
Wh 
on 


> Canection 


atoc — 


Tic(a) 
On 
Ne 
DacNS 
No 
DaNe DacNa 


me Multiplications involved may be ehegd each time, since DaN - 1s % 
= i Poe DN = N, i 


‘Then final current values may be found as illustrated here for ee 


Ta = Im + 2In(a) — DTba(b) 


Illustration of Sheet A 


Assume junction a is connected to junctions b, c, and d through — 
impedances Zw, Zac, and Za 


Let Yo = 0.25 — 0.25 
1a = 0.05 — j0.15 
Yaa = 0.2308 — j0.1538 


K = 0.5308 — 70.5538 * 
as 5 C my 
Day = — = 0.461 + j0.010 J 
D a 188 — j0.088 
a= IN, — a 
K d 4 
: Vee f ~ 
Dia= = 0.351 + 70.078 . 
K 
Check 1.000 + 70 
Let assumed voltages be such that 
» = 40 + 720 | 
Itc = 20 — 945 F 
aad = —80 + 95 


Xa = Ita + Wea + Tan = 20 + 520 
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Let successive corrections at junctions b, c, and d be such that 

Tea(b) = — 6.56 —J2.16 I’,(c) = —39.614 425.79 I%(d) = —14.94+7 9.10 
Tra(b)= 1.68—33.96 I%,(c) = —25.46-+j 9.18 I%.(d)=— 4. 46+ 7 5.28 
WeO)y= 256-7 16 I (c)=— 9.01—j 2.19 Ii,(d) = —13.44+ 10.60 
It must be remembered that these values arise at adjacent junctions 
concurrently with corrections at junction a and are dependent upon 


operations at junctions adjacent to them, one such junction being 
junction a itself. 


A 
Correction Correction Correction Excess 
atob atoc atod 
Tae(@) Tac(a) Taa(a) 

: : 20 + 720 

0.461 + 70.010 _ 0.188 — 30.088 0.351 + 70.078 TO ero 
— 6.56 —j 2.16 
20. 4-720 —39.61 + 725.79 
9.22 + 70.20 3.76 — 7 1.76 7.02 + 71.56 —14.94 + 7 9.10 
— 0.20 + 79.22 1.76 + 7 3.76 — 1.56 + 7.02 —61.11 + 732.73 
9.02 + 79.42 5.52 +7 2.00 5.46 + 78.58 —11.11 + 712.78 
1.68 —j7 3.96 
—50 + 720 —25.46 +7 9.18 
—23.05 — 70.50 — 940 + 7 4.40 —17.55 — 73.90 — 4.46 audi 5.28 
— 0.20 + 79.22 1.76 + 7 3.76 — 1.56 + 7.02 —39.35 + 923.28 
—23.25 + 78.72 — 7.64 +7 8.16 —19.11 + 73.12 10.65 ga 3.23 
2.56 — 7 0.16 
auee ce 

I = ] —19.11 3.12 —13.4 710. 
—23.25 + 78.72 7.64 +7 8.16 ard) Sepa 
1 +710 0.76 + 7 1.48 


etc. 


38 ILLINOIS ENGINEERING EXPERIMENT STATION 
APPENDIX B 
BIBLIOGRAPHY 
No. YEAR AUTHOR TITLE AND REFERENCE 

il 1899 Kennelly, A. E. “The Equivalence of Triangles and Three- 
pointed Stars in Conducting Networks,” 
Elec. World and Eng., Vol. XX XTYV, p. 413. 

2 Rosen, A. “A New Network Theorem,” Jour. I. E. E. 
(London), Vol. 62, p. 916. 

1916 G. E. Rev., p. 901. 
1919 Lewis, W. W. “Calculation of Short-cireuit Currents in 

A-C. Systems,” G. E. Rev., Vol. 22, p. 140. 

5 1919 Woodward, W. R. “Calculating Short-circuit Currents in Net- 

Evans, R. D. works,” Elec. Jour., p. 344. 
Fortescue, C. L. 

6 1920 Lewis, W. W. “A New Short-circuit Calculating Table,” 
G. E. Rev., p. 669. 

i 1922 Corbett, L. J. “A Short-circuit Calculating Table,’” Elec. 
World, p. 985. 

8 1923 Dillard, E. W. “A Short-circuit Calculating Table,” Elec. 
World, p. 707. 

9 1923 Schurig, O. R. “Experimental Determination of Short- 
circuit Currents in Electric Power Net- 
works,” Trans. A.I.E.E., p. 10. 

10 1923 Schurig, O. R. “The Solution of Electric Power Trans- 
mission Problems in the Laboratory by 
Miniature Circuits,” G. E. Rev., p. 611. 

11 1923 “A Miniature Alternating-current Trans-. 

mission System for Network and Transmis» 
sion-system Problems,” Trans. A.I.E.E., p. 
831. 
12 1925 Spencer, H. H. “Artificial Representation of Power Sys- 
Hazen, ‘ tems,” Trans. A.I.E.E., p. 72. 

13 1925 Woodruff, L. F. “Principles of Electric Power Transmission 
and Distribution,” Chap. XIV, John Wiley 
and Sons, Inc., New York. ; 

14 1928 Dahl, O. B. C. “Electric Circuits Theory and Applica- 
tions,” Chap. I, Vol. I, McGraw-Hill 
Book Co. 

15 1936 Cross, Hardy 


“Analysis of Flow in Networks of Con- 
duits or Conductors,” Bull. No. 286, Univ. 
of Ill. Eng. Exp. Sta. 


ee aie ll 


RECENT PUBLICATIONS OF 
THE ENGINEERING EXPERIMENT STATION} 


Circular No. 23. Repeated-Stress (Fatigue) Testing Machines Used in th 
‘Materials Testing Laboratory of the University of Illinoi : 
and oat N. Roe 1934. *, Forty cents. y s, by Herbert F. Moore 

tin No. 266. Investigation of Warm-Air Furnaces and Heatin 
Part gees oe aa and Seichi Konzo. 1934. One dollar. Bee 

: etin No. : nvestigation of Reinforced Concrete Columns, 

E. Richart and Rex L. Brown. 1934. One dollar. Be aa 

Bulletin No. 268. The Mechanical Aeration of Sewage by Sheffield Paddles and 
by an Aspirator, by Harold E. Babbitt. 1934. Sizty cents. 

_ Bulletin No. 269. Laboratory Tests of Three-Span Reinforced Concrete Arch 
Ribs on Slender Piers, by Wilbur M. Wilson and Ralph W. Kluge. 1934. One dollar. 

__ Bulletin No. 270. Laboratory Tests of Three-Span Reinforced Concrete Arch 
Bridges with Decks on Slender Piers, by Wilbur M. Wilson and Ralph W. Kluge. 
1934. One dollar. 

Bulletin No. 271. Determination of Mean Specific Heats at High Temperatures 
- of Some Commercial Glasses, by Cullen W. Parmelee and Alfred E. Badger. 1934. 
Thirty cents. 

Bulletin No. 272. The Creep and Fracture of Lead and Lead Alloys, by Herbert 
F. Moore, Bernard B. Betty, and Curtis W. Dollins. 1934. Fifty cents. 

Bulletin No. 273. Mechanical-Electrical Stress Studies of Porcelain Insulator 
Bodies, by Cullen W. Parmelee and John O. Kraehenbuehl. 1935. Seventy-five cents. 

Bulletin No. 274. A Supplementary Study of the Locomotive Front End by 
Means of Tests on a Front-End Model, by Everett G. Young. 1935. Fifty cents. 

Bulletin No. 275. Effect of Time Yield in Concrete upon Deformation Stresses 
in a Reinforced Concrete Arch Bridge, by Wilbur M. Wilson and Ralph W. Kluge. 
1935. Forty cents. 

Bulletin No. 276. Stress Concentration at Fillets, Holes, and Keyways as Found 
by the Plaster-Model Method, by Fred B. Seely and Thomas J. Dolan. 1935. 
Forty cents. 

Bulletin No. 277. The Strength of Monolithic Concrete Walls, by Frank E. 
Richart and Nathan M. Newmark. 1935. Forty cents. ; 

Bulletin No. 278. Oscillations Due to Corona Discharges on Wires Subjected 
to Alternating Potentials, by J. Tykocinski Tykociner, Raymond E. Tarpley, and 
Ellery B. Paine. 1935. Sixty cents. : : 

Bulletin No. 279. The Resistance of Mine Timbers to the Flow of Air, as 
Determined by Models, by Cloyde M. Smith. 1935. Sixty-five cents. 

Bulletin No. 280. The Effect of Residual Longitudinal Stresses upon the Load- 
carrying Capacity of Steel Columns, by Wilbur M. Wilson and Rex L. Brown. 1935. 
Forty cents. ; P : 4 

Circular No. 24. Simplified Computation of Vertical Pressures in Elastic 
Foundations, by Nathan M. Newmark. 1935. Twenty-five cents. 

Reprint No. 3. Chemical Engineering Problems, by Donald B. Keyes. 1935. 
Fifteen cents. : ee Ke : : il 

Reprint No. 4. Progress Report of the Joint Investigation of Fissures in Rail- 
road Rails, by Herbert F. Moore. 1935. None available. q 

Circular No. 25. Papers Presented at the Twenty-Second Annual Conference 
on Highway Engineering, Held at the University of Illinois, Feb. 21 and 22, 1935. 

. Fifty cents. ; : > 
ia oe No. 5. Essentials of Air Conditioning, by Maurice K. Fahnestock. 


. Fift ts. ia ae 
os Bulluon N 5 "281. An Investigation of the Durability of Molding Sands, by 


: d Carl E. Schubert. 1936. Sixty cents. ; ; 
pe Gullatie No. 282. The Cause and Prevention of Steam Turbine Blade Deposits, 


by Frederick G. Straub. 1936. Fifty-five cents. 


{Copies of the complete list_of publications can be obtained with 
Engineering Experiment Station, Urbana, 


out charge by addressing the 


39 


40 ILLINOIS ENGINEERING EXPERIMENT STATION oe 


Bulletin No. 283. A Study of the Reactions of Various Inorganic and Organic a 


Salts in Preventing Scale in Steam Boilers, by Frederick G. Straub. 1936. One dollar. 


Bulletin No. 284. Oxidation and Loss of Weight of Clay Bodies During Firing, _ 


by William R. Morgan. 1936. Fifty cents. = a : 
Bulletin No. 285. Possible Recovery of Coal from Waste at Illinois Mines, by 
Cloyde M. Smith and David R. Mitchell. 1936. Fifty-five cents. 
Bulletin No. 286. Analysis of Flow in Networks of Conduits or Conductors, 
by Hardy Cross. 19386. Forty cents. j 


. 
> 
. 


~~ 


5 
* 


‘ 


Circular No. 26. Papers Presented at the First Annual Conference on Air 


Conditioning, Held at the University of Illinois, May 4 and 5, 1936. Fifty cents. 
Reprint No.6. Electro-Organic Chemical Preparations, by S. Swann, Jr. 1936. 

Thirty-fwe cents. : 
Reprint No. 7. Papers Presented at the Second Annual Short Course in Coal 


Utilization, Held at the University of Illinois, June 11, 12, and 13, 1935. 1936. 


None available. J : 

Bulletin No. 287. The Biologic Digestion of Garbage with Sewage Sludge, by 
Harold E. Babbitt, Benn J. Leland, and Fenner H. Whitley, Jr. 1936. One dollar. 

Reprint No. 8. Second Progress Report of the Joint Investigation of Fissures 
in Railroad Rails, by Herbert F. Moore. 1936. Fifteen cents. 

Reprint No. 9. Correlation Between Metallography and Mechanical Testing, 
by Herbert F. Moore. 1936. None available. ; 

Circular No. 27. Papers Presented at the Twenty-Third Annual Conference 
on Highway Engineering, Held at the University of Illinois, Feb. 26-28, 1936. 1936. 
Fifty cents. 

Bulletin No, 288. An Investigation of Relative Stresses in Solid Spur Gears by 
the Photoelastic Method, by Paul H. Black. 1936. Forty cents. 

Bulletin No. 289. The Use of an Elbow in a Pipe Line for Determining the Rate 
of Flow in the Pipe, by Wallace M. Lansford. . 1936. Forty cents. 

Bulletin No. 290. Investigation of Summer Cooling in the Warm-Air Heating 
Research Residence, by Alonzo P. Kratz, Maurice K. Fahnestock, and Seichi Konzo. 
1937. One dollar. 

Bulletin No. 291. Flexural Vibrations of Piezoelectric Quartz Bars and Plates, 
by J. Tykocinski Tykociner and Marion W. Woodruff. 1937. Forty-five cents. 

Reprint No. 10. Heat Transfer in Evaporation and Condensation,,. by Max 
Jakob. 1937. Thirty-five cents. 

*Circular No. 28. An Investigation of Student Study Lighting, by John O. 
Kraehenbuehl. 1937. Forty cents. 

*Circular No. 29. Problems in Building Illumination, by John O. Kraehenbuehl. 
1937. Thirty-five cents. ~ 

*Bulletin No. 292. Tests of Steel Columns; Thin Cylindrical Shells; Laced 
Channels; Angles, by Wilbur M. Wilson. 1937. Fifty cents. 

*Bulletin No. 293. The Combined Effect of Corrosion and Stress Concentration 
at Holes and Fillets in Steel Specimens Subjected to Reversed Torsional Stresses, 
by Thomas J. Dolan. 1937. Fifty cents. 

*Bulletin No. 294. Tests of Strength Properties of Chilled Car Wheels, by 
Frank E. Richart, Rex L. Brown, and Paul G. Jones. 1937. Eighty-five cents. 

*Bulletin No. 295. ‘Tests of Thin Hemispherical Shells Subjected to Internal 
Hydrostatic Pressure, by Wilbur M. Wilson and Joseph Marin. 1937. Thirty-five cents. 

_ _ Circular No. 30. Papers Presented at the Twenty-fourth Annual Conference on 
Highway Engineering, Held at the University of Illinois, March 3-5, 1937. 1937. 
None available. 

*Bulletin No. 296. Magnitude and Frequency of Floods on Illinois Streams, by 
George W. Pickels. 1937. Seventy cents. ; ~ 

*Bulletin No. 297. Ventilation Characteristics of Some Illinois Mines, by Cloyde 
M. Smith. 1937. Seventy cents. 

*Bulletin No. 298. Resistance to Heat Checking of Chilled Iron Car Wheels, 
and Strains Developed Under Long-continued Application of Brake Shoes, by Edward 
C. Schmidt and Herman J. Schrader. 1937. Fifty-five cents. 

_  *Bulletin No. 299. Solution of Electrical Networks by Successive Approxima- 
tions, by Laurence L. Smith. 1937. Forty-five cents. 


*A limited number of copies of bulletins starred are available for free distribution. 


